Frozen orbits of the Hill problem are determined in the double averaged problem, where short and long period terms are removed by means of Lie transforms. The computation of initial conditions of corresponding quasi periodic solutions in the non-averaged problem is straightforward for the perturbation method used provides the explicit equations of the transformation that connects the averaged and non-averaged models. A fourth order analytical theory reveals necessary for the accurate computation of quasi periodic, frozen orbits.
Introduction
Besides its original application to the motion of the Moon [1] , the Hill problem provides a good approximation to the real dynamics of a variety of systems, encompassing the motion of comets, natural and artificial satellites, distant moons of asteroids, or dynamical astronomy applications [2, 3, 4] . Specifically, the Hill model and its variations [5, 6, 7, 8, 9] are useful for describing motion about planetary satellites. Besides, the Hill problem is an invariant model that does not depend on any parameter, thus, giving broad generality to the results, whose application to different systems becomes a simple matter of scaling.
A classical result shows that low eccentricity orbits around a primary are unstable for moderate and high inclinations due to third-body perturbations [10] . Almost circular orbits close to the central body remain with low eccentricity in the long term only when the mutual inclination with the perturbing body is less than the critical inclination of the third-body perturbations I = 39.2
• (see [11] and references therein). Since low eccentricity, high inclination orbits are precisely the candidate orbits for science missions around natural satellites, a good understanding of the unstable dynamics of the Hill problem is required.
The study of the long term dynamics is usually done in the double averaged problem. After removing the short and long period terms, the problem is of one degree of freedom in the eccentricity and the argument of the periapsis. As the double averaged problem is integrable, the phase space is made of closed curves and equilibria. The latter are orbits that, in average, have almost constant eccentricity and fixed argument of the periapsis, and are known as frozen orbits.
To each trajectory of the double averaged problem it corresponds a torus of quasi periodic solutions in the non-averaged problem. The accurate computation of initial conditions on the torus requires to recover the short and long period effects that were lost in the averaging. This is normally done by trial and error by making iterative corrections on the orbital elements, although other procedures can be applied [12] .
Our analytical theory is computed with Deprit's perturbation technique [13] . The procedure is systematic and has the advantage of providing the explicit transformation equations that connect the averaged analysis with proper initial conditions of the non-averaged problem. A second order truncation of the Hamiltonian shows that there are no degenerate equilibria and, therefore, is enough to give the qualitative description of the reduced system. However, the second order truncation introduces a symmetry of direct and retrograde orbits that is not part of the original problem, and a third order truncation is required to manifest the non-symmetries of the problem.
While, in general, the third order theory provides good results in the computation of quasi periodic, frozen orbits, its solutions are slightly affected of long period oscillations. This fact may adversely affect the long term evolution of the frozen orbits and becomes apparent in the computation of science orbits about planetary satellites, a case in which small perturbations are enough for the unstable dynamics to defrost the argument of the periapsis. Then, the orbit immediately migrates along the unstable manifold with an exponential increase in the eccentricity.
We find that a higher order truncation is desirable if one wants to use the analytical theory for computing accurate initial conditions of frozen orbits. The computation of the fourth order truncation removes almost all adverse effects from the quasi periodic solutions, and shows a high degree of agreement between the averaged and non-averaged models even in the case of unstable orbits.
Whereas the third-body perturbation is the most important effect in destabilizing science orbits around planetary satellites, the impact of the non-sphericity of the central body may be taken into account. Previous research including both effects has limited up to third order theories (see [14] and references therein), but from the conclusions of this paper it may worth to develop a higher order theory including the inhomogeneities of the satellite's gravitational potential.
Double averaged Hill problem to the fourth order
The equations of motion of the Hill problem are derived from the Hamiltonian
where, in the standard coordinate system of Hill's model, x = (x, y, z) is the position vector, X = (X, Y, Z) is the vector of conjugate momenta, r = ||x||, and both the rotation rate of the system ω = ||ω|| and the gravitational parameter µ of the primary are set to 1 in appropriate units. The problem is of three degrees of freedom, yet admitting the Jacobi constant H = −C/2. Despite its non-integrability, approximate solutions that explain the long term dynamics can be found by perturbation methods. Close to the central body the Hill problem writes as the perturbed two body problem
where is a formal parameter used to manifest the order of each perturbation of the Keplerian motion. Thus, the Coriolis term is a first order effect and the third body perturbation appears at the second order.
To apply perturbation theory, we formulate the problem in Delaunay variables ( , g, h, L, G, H), where is the mean anomaly, g is the argument of the periapsis, h the argument of the node in the rotating frame, L = √ µ a is the Delaunay action, G = L √ 1 − e 2 is the modulus of the angular momentum vector, H = G cos I is its polar component, and a, e, I, are usual orbital elements: semimajor axis, eccentricity and inclination.
Our theory is based on the use of Lie transforms as described by Deprit [13, 15] . It has the advantage of connecting the averaged and original problems through explicit transformations equations. After removing the short and long period terms we get the transformed Hamiltonian
where ε = L 3 , 
Once integrated g and G for given initial conditions, the secular variations of and h are computed from simple quadratures derived from the Hamilton equations
Qualitative dynamics
The flow can be integrated from the differential equations above, Eqs. (4)- (5). However, since the system defined through Eqs. (4) and (5) is integrable the flow is made of closed curves and equilibria, and it can be represented by contour plots of Hamiltonian (3). Thus, for given values of the dynamic parameters L and H -or ε and σ-we can plot the flow in different maps that are function of g, G. Figure 1 shows an example in semi-equinoctial elements (e cos g, e sin g), where we note a hyperbolic point corresponding to an unstable circular orbit, and two elliptic points corresponding to two stable elliptic orbits with e = 0.3 and periapsis at g = ±π/2 respectively. Delaunay variables are singular for zero eccentricity orbits, where the argument of the periapsis is not defined. Then, it is common to study the reduced phase space in the variables introduced by Coffey, Deprit, and Deprit, [16, 8] 
that define the surface of a sphere of radius R = (1/2) (1 − σ 2 ). 1 Then, after dropping constant terms and scaling, Hamiltonian (3) writes
The flow on the sphere is obtained from Liouville equationsχ i = {χ i ; K}, i = 1, 2, 3, where the dot means derivative in the new time scale. Then,
with the constrain χ 1χ1 + χ 2χ2 + χ 3χ3 = 0.
Equations (7)- (9) show that circular orbits (χ 1 = χ 2 = 0, χ 3 = R, the "north" pole of the sphere) are always equilibria. Equations (8) and (9) vanish when χ 1 = 0, χ 2 = 0, but not Eq. (7), which vanishes only when
Equation (10) The real roots of Eq. (10) that verify the dynamical constrain |σ| ≤ η ≤ 1 are also equilibria. The root η = 1 marks a change in the number of equilibria or "bifurcation" (η > 1 could be a root but not an equilibrium). Then, the number of equilibria changes along the line
obtained making η = 1 in Eq. (10), that establishes a relation between the dynamical parameters ε and σ corresponding to bifurcations of circular orbits. in the outside region of the curve are stable. When crossing the line given by Eq. (11) the number of real roots of Eq. (10) with dynamical sense increases in a pitchfork bifurcation: circular orbits change to instability and two stable elliptic orbits appear with periapsis respectively at g = ±π/2, as in the example of Figure 1 . Note that the curve given by Eq. (11) notably modifies the classical inclination limit cos 2 I > 3/5 for circular orbits' stability. However, we can not extend the practical application of the analytical theory to any value of ε. It is common to limit the validity of the Hill problem approximation to one third of the Hill radius r H = 3 −1/3 . Then ε < (r H /3) 3/2 = 1/9, including most of the planetary satellites of interest. Figure 3 shows the bifurcation lines of circular orbits in the validity region of the parameters plane with the ε values corresponding to low altitude orbits around different planetary satellites highlighted.
Frozen orbits computation
Hill's case of close orbits to the smaller primary is a simplification of the restricted three-body problem, which in turn is a simplification of real models. Therefore, the final goal of our theory is For given values of the parameters ε, σ, determined by the mission, a number of frozen orbits may exist. A circular frozen orbit, either stable or unstable, exists always and the computation of real roots |σ| ≤ η ≤ 1 of Eq. (10), if any, will provide the eccentricities of the stable elliptic solutions with frozen periapsis at g = ±π/2. To each equilibrium of the doubly reduced phase space corresponds a torus of quasi periodic solutions in the original, non-averaged model. Below we present several examples that justify the effort in computing a fourth order theory to reach the quasi periodicity condition in the Hill problem.
Elliptic frozen orbits
We choose ε = 0.0470573, σ = 0.422618. If we first try the classical double averaged solution, the Hamiltonian Eq. (3) is simplified to K 0,0 + ε K 0,1 + (ε 2 /2) K 0,2 , and the existence of elliptic frozen orbits reduces to σ 2 < 3/5, g = ±π/2. The eccentricity of the elliptic frozen solutions is then computed from η = 5σ 2 /3 1/4 -obtained by neglecting terms in ε in Eq. (10). Thus, for the given values of ε and σ, and taking into account that we are free to choose the initial values of the averaged angles , h, we get the orbital elements of the first row of Table 1 . The left column of Fig.  4 shows the long term evolution of the instantaneous orbital elements for this case, in which we find long period oscillations of more than four degrees in inclination, more than fifteen in the argument of periapsis, and a variation of ±0.06 in the eccentricity.
When computing a second order theory with the Lie-Deprit perturbation method we arrive exactly at the classical Hamiltonian and bifurcation condition. However, we have available the transformation equations to recover the short and long period effects, although up to the first order only. After undoing the transformation equations we find the orbital elements of the second row of Table 1 where we see that all the elements remain unchanged except for the eccentricity and inclination. The long term evolution of these elements is presented in the right column of Fig.  4 , in which we notice a significant reduction in the amplitude of long period oscillations: 2.5
• in inclination, around 10
• in the argument of the periapsis, and ±0.04 in eccentricity. The results of the third and fourth order theories are presented in the last two rows of Table 1 and in Fig. 5 . The higher order corrections drive slight enlargements in the semimajor axis. While both higher order theories produce impressive improvements, we note a residual long period oscillation in the elements computed from the third order theory (left column of Fig. 5 ). On the contrary, the orbital elements of the frozen orbit computed with the fourth order theory are almost free from long period oscillations and mainly show the short period oscillations typical of quasi periodic orbits. Furthermore, after applying standard differential correction to the initial conditions computed from the fourth order theory we easily converge to an orbit of the non-averaged problem, presented in Fig. 8 , that is periodic after 99 cycles. 
Circular frozen orbits
If we choose the same value for ε but now σ = 0.777146, frozen elliptic orbits do not exist any longer and the circular frozen orbit is stable. Both the third and fourth order theories provide good results, but, again, the third order theory results in small long period oscillations in the eccentricity whereas the fourth order theory leads to a quasi periodic orbit (see Fig. 6 ).
For ε = 0.0339919 and σ = 0.34202 the circular frozen orbit is unstable. Due to the instability, a long term propagation of the initial conditions from either the third or the fourth theory shows that the orbit escapes by the unstable manifold with exponential increase in the eccentricity. But, as Fig. 7 shows, the orbit remains frozen much more time when using the fourth order theory. A variety of tests performed on science orbits close to Galilean moons Europa and Callisto showed that the fourth order theory generally improves by 50% the lifetimes reached when using the third order theory.
As in the previous case of a elliptic orbit, standard differential corrections converge to the periodic orbits presented in Fig. 9 .
Conclusions
Frozen orbits computation is a useful procedure in mission designing for artificial satellites. After locating the frozen orbit of interest in a double averaged problem, usual procedures for computing initial conditions of frozen orbits resort to trial and error interactive corrections, or require involved computations. However, the explicit transformation equations between averaged and non-averaged models can be obtained with analytical theories based on the Lie-Deprit perturbation method, which makes the frozen orbits computations straightforward.
Accurate computations of the initial conditions of frozen, quasi periodic orbits can be reached with higher order analytical theories. This way of proceeding should not be undervalued in the computation of science orbits around planetary satellites, a case in which third-body perturbations induce unstable dynamics.
Higher order analytical theories are a common tool for computing ephemeris among the celestial mechanics community. They are usually developed with specific purpose, sophisticated algebraic manipulators. However, the impressive performances of modern computers and software allow us to build our analytical theory with commercial, general-purpose manipulators, a fact that may challenge aerospace engineers to use the safe, well known techniques advocated in this paper. function expanded as a power series in a small parameter , a function
can be expressed in the new variables as the power series (T : F) = i ( i /i!) F 0,i (x , X ) whose coefficients are computed from the recurrence
We shorten notation calling
The Lie transform of generating function W can be applied to any function of Delaunay variables
Since W 1 = 0, up to the third order in the small parameter recurrence (12) gives
Specifically, this applies to the transformation equations of the Delaunay variables themselves, where
A new application of the recurrence Eq. (12) to the Hamiltonian (14), allows to eliminate the node up to the fourth order, obtaining the double averaged Hamiltonian Eq. (3). Note that K 0,4 corrects previous results in [21] . The generating function of the transformation is V = V 1 + ε V 2 + (ε 2 /2) V 3 , where, omitting double primes, 
The new Lie transform of generating function V can be applied to any function of Delaunay variables, and, specifically, to the Delaunay variables themselves. For any ξ ∈ ( , g , h , L , G , H ) the transformation equations of the Lie transform are computed, up to the third order, from 
